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Abstract

Policy institutions often address uncertainty around a baseline outlook through a
limited set of alternative scenarios, rather than specifying a complete predictive dis-
tribution. This paper examines optimal policy prescriptions within this setting with
a focus on the effect of uncertainty about the outlook. We propose a framework
where policymakers form beliefs about the likelihood of a baseline economic path and
alternative scenarios, updating these beliefs over time using Bayes’ rule. This “risk-
adjusted optimal policy” allows policymakers to set policy rationally while learning
which scenario is unfolding. We apply this framework to the U.S. economy at the end

of 2024, considering risks of higher inflation and recession around a baseline projection.

JEL: E32, E47, D81, C63
Keywords: Optimal monetary policy, risk management, scenario analysis, Bayesian

learning.

*We thank Ben Johannsen, David Lopez-Salido and Bob Tetlow for valuable comments, and Jose Nino
for excellent research assistance.
The views expressed in this paper are solely the responsibility of the authors and should not be interpreted
as reflecting the views of the Federal Reserve Board or the Federal Reserve System.

tThe affiliation for all the authors is the Board of Governors of the Federal Reserve System.
E-mails: Cair6: isabel.cairoQfrb.gov; Gust: christopher.j.gust@frb.gov; Hebden: james.s.hebden@frb.gov;
Herbst: edward.p.herbst@frb.gov; Konzem: scott.r.konzem@frb.gov; Nicolo: giovanni.nicolo@frb.gov.


mailto:isabel.cairo@frb.gov
mailto:christopher.j.gust@frb.gov
mailto:james.j.hebden@frb.gov
mailto:edward.p.herbst@frb.gov
mailto:scott.r.konzem@frb.gov
mailto:giovanni.nicolo@frb.gov

1 Introduction

Risk management is central to the conduct of monetary policy. In view of Greenspan
(2004), it requires “understanding as much as possible the many sources of risk and un-
certainty that policymakers face, quantifying those risks when possible, and assessing the
costs associated with each of the risks.” In light of those risks, monetary policy devises a
strategy aimed at “mazimizing the probabilities of achieving over time our goals of price
stability and the mazimum sustainable economic growth that we associate with it.”

There are many frameworks for describing risks. In academic settings, it is common to
characterize risk by specifying a complete predictive distribution or by focusing on worst-
case outcomes under certain assumptions. In many policy institutions, however, it’s com-
mon to use scenario analysis to capture alternative possible outcomes around a baseline
(modal) forecast for both policy deliberations and communications. These scenarios can
be seen as alternative conditional forecasts under different assumptions about the shocks
likely to hit the economy, structural features in the economy, the nature of the expecta-
tions process, and more. Alternative scenarios have the benefits of providing a tangible
description of relevant risks but their use poses challenges for optimal monetary policy
analysis. Traditionally, these policies are derived using a macroeconometric model under
the assumption that given forecast (baseline or alternative scenario) will materialize with
certainty. Such policies serve as useful benchmarks for policymakers, but, except in special
cases, omit meaningful risk-management considerations. The policy-rate prescriptions in
each simulation do not account for the possibility alternative scenarios might materialize.

We propose an approach to embed risk-management considerations into the design of an
optimal monetary policy strategy. The central feature of our approach is that policymakers
form beliefs about the likelihood of the baseline path that the economy might follow, as well
as a finite number of potential alternative scenarios capturing risks around that baseline
path. As such, policymakers do not know which scenario is unfolding in real time and use
all available information to set policy rationally, formulating beliefs about the alternative
paths of economic outcomes. In particular, policymakers begin each period with prior
beliefs that reflect all the available information up to that point and update their beliefs
as new information arrives using Bayes’ rule. Because policymakers set policy optimally
while learning over time whether the contemplated risks are materializing or not, we call
this policy a “risk-adjusted optimal policy.”

Under risk-adjusted optimal policy, the optimal path for the policy rate depends on



policymakers’ beliefs about the likelihood of the various scenarios. And, because there are
lags in the transmission of monetary policy to economic activity and inflation, the optimal
setting of the current policy rate needs to be forward-looking and take into account the
likelihood of future shocks that might push policymakers’ target variables away from (or
in line with) their macroeconomic stabilization objectives. As a result, under risk-adjusted
optimal policy, policymakers have the incentive to “take out insurance” by setting the
current policy rate to lean against potential risks that could emerge in the future and affect
the achievement of their objectives. The extent of insurance (or risk-adjusted policy) hinges
on several key elements. First, it depends on the scenarios themselves and how large of a
departure they are from the baseline. Second, it depends on policymakers’ priors (or initial
beliefs) regarding the likelihood of the various scenarios. Third, it depends on the volatility
of unanticipated shocks, which affects policymakers’ ability to distinguish between likely
paths along which the economy may evolve. If these unanticipated shocks are more volatile,
it becomes more difficult for policymakers to learn over time which scenario is unfolding.
We provide an intuition for these results using a canonical New-Keynesian (NK) model a
la Gali (2008).

The proposed framework can offer policy-relevant insights when designing an optimal
policy that embeds risk-management considerations. We focus on the period at the end
of 2024 when the U.S. economy faced risks to the possibility that it continued its progress
toward the goals of the Federal Open Market Committee (FOMC or the Committee) to
achieve maximum employment and price stability—a possibility sometimes referred to as

7 By then, inflation had made progress towards the Committee’s objective,

“soft landing.
and economic activity had continued to expand at a solid pace. However, as noted in
the minutes to the December 2024 FOMC meeting, participants highlighted upside risks to
inflation and downside risks to the labor market. Against this backdrop, we use the median
responses of the December 2024 Summary of Economic Projections (SEP) to construct a
baseline projection for the U.S. economy. Moreover, in line with the discussion about
risks to the economic outlook during that FOMC meeting, we consider two alternative
scenarios as describing salient risks around that baseline outlook: the risk of higher and
more persistent inflation (Inflation Surge) and the risk of a sharp decline in real activity
(Recession). Using the linearized FRB/US model, we design the risk-adjusted optimal

policies in the face of those risks.!

!The FRB/US model is a large-scale model of the U.S. economy that has been used at the Federal
Reserve Board for decades and also in the existing literature to quantify the macroeconomic implications



We first examine the risk-adjusted optimal policy when the policymaker contemplates
that only one of the risks can be realized instead of the baseline outlook. In this set of
analysis, we consider cases in which the policymaker’s initial prior is strongly in favor of
either the baseline or the alternative scenario. This allows us to characterize the risk-
adjusted optimal policy outcome in the case of miscalibrated beliefs in two benchmark
cases. In the first setting, the policymaker initially views the alternative scenario as more
likely, but instead the baseline outlook materializes. Borrowing from statistical decision
theory, we call this a “Type I” error. The second setting describes a “Type II” error: the
policymaker believes initially that the baseline outlook will materialize with high probability
but instead the alternative scenario is realized. When policymakers view the Inflation Surge
scenario as likely, policy initially tightens to be better positioned in case the risk of high
inflation materializes. However, over time, this scenario does not come to pass, resource
utilization and inflation come in lower than anticipated, and policy begins to ease quickly.
On the other hand, if policymakers initially view the Inflation Surge as unlikely, but it in
fact materializes, the decline in the policy rate occurs only slowly.

We next examine the case in which the policymaker’s prior places positive probability
on all three outcomes: the baseline, Inflation Surge, and Recession. By varying the initial
weights assigned to each of the three possibilities, we generate a range of risk-adjusted
optimal policy trajectories assuming the baseline projection in fact materializes. With a
balanced prior on the three possibilities—giving the baseline outlook 50 percent probability
and the scenarios 25 percent each—the optimal policy path follows closely the one associ-
ated with the optimal policy under perfect foresight of the baseline path. That is, there is
only a small risk adjustment for optimal policy because the risks to inflation and economic
activity—stemming from both an Inflation Surge and Recession—are roughly in balance.
On the other hand, when a policymaker is relatively more worried about an inflation surge
(or a recession)—while still assigning a 50 percent probability to the baseline outlook—
policy will differ in a way resembling the analysis based on only one scenario at the time.
Policymakers initially insure against the risk they judge more likely and then adjust their
beliefs and policy as they observe that the baseline outlook is unfolding.

An important contribution of our methodology is its recursive representation that pro-
vides substantial advantages in terms of tractability to embed risk-management consider-

ations into optimal policy strategies. In the spirit of Svensson and Williams (2005), risks

of alternative monetary policy strategies. In this paper, we use a linearized version of the FRB/US model
described in Brayton and Reifschneider (2022) and available on the Federal Reserve Board’s website.



are incorporated as policymakers judgement about likely future outcomes. A possible path
of the economy is represented by a sequence of anticipated shocks that policymakers fully
anticipate. However, differently from Svensson and Williams (2005), our framework ensures
that policymakers take into account the contemplated risks when setting policy optimally.
That is, they are aware that the anticipated shocks may have different effects on the econ-
omy depending on the path that the economy follows. Crucially, they make judgements
about those likely paths and the associated likelihoods and update their beliefs over time
in a Bayesian manner.

Incorporating risks as policymakers’ judgments about likely future outcomes ensures that
this approach is tractable and can be used in a wide range of macroeconomic models to
study uncertainty as captured by a wide array of scenarios. Our approach is tractable
because the optimal filtering problem of the policymaker (the best way to extract signals
from noisy data) depends only on anticipated processes. As a result, their optimal filtering
problem is independent of a policymaker’s optimal decisions regarding the policy rate.
Because of its tractability, the approach can be implemented also in the context of rich

models that are commonly used by central banks for scenario analysis.

2 Risk-adjusted optimal policy: a simple example

Risks to the outlook. To build the intuition for our approach, we consider a simple

example based on a canonical NK model a la Gali (2008), where

v = Ei(y) — o (iv — Ey(mea)), (1)
T = BE(m) + Ry + V4, (2)

represent a conventional IS equation and Phillips curve, respectively. The term V; is de-
scribed by
Vi=& +0o(J)eos + 01(J)er—1, (3)

and collects an unobserved #id disturbance & ~ N (0, ag) as well as two anticipated markup
shocks: the shock € is announced at the beginning of date ¢ and implemented in the same
period, while the shock €11 has been announced at date ¢ — 1 and is implemented after
one period, at time ¢. The shocks g and £;; are marginally distributed N'(0,1) and are
mutually independent with one another (and over time). The parameters 6y(.J) and 6,(J)

capture the effect of the corresponding shocks expected under alternative scenarios. The



random variable J can take two values j € {1, 2}, reflecting a policymakers’ view that the
economy may evolve according to either scenario. Although they cannot observe which
scenario is unfolding, they can form and update their beliefs about the likelihood of each
scenario as they receive incoming data.

Risk-adjusted optimal policy. The central bank takes as given the structure of the
economy in (1) and (2) and commits to a forward-looking optimal policy that minimizes

the quadratic loss function
1 o0
B, {5 > B + Ayy§>} . (1
t=0

The coefficient A, captures the relative importance that a central bank assigns to movements
in inflation and output gaps. It is well known that the constrained optimization problem

leads to the following equation representing the dynamics of the (log) price level

Dt = api—1 + aBE(pry1) + aV, (5)

where a = A\, /[N, (1 + 3) + k%] and D, = p; — p—1 is the inflation rate relative to the (log)
price level prevailing one period before the central bank chooses the optimal plan.?

The central bank has beliefs over the likelihood of each scenario. While we discuss below
how those beliefs are updated as incoming data is received, it is important to recognize
how those beliefs affect the design of the optimal policy. In particular, policymakers have
beliefs p; = {p1, p2:} over the two possible scenarios. So, the expected effect that a shock
announced today will have on tomorrow’s macroeconomic outcomes is (V1) = 51,t€1,t,
where élt = 2?21 p;t01(j) is the average of the effect of the shock under the two scenarios
weighted by the policymakers’ beliefs. To solve the optimality condition in (5), we postulate
that the solution takes the form

Dt = 001 + 1oVi + 116141, (6)

where V; is defined in (3). The method of undetermined coefficients ensures that the

postulated solution holds so long as

5:1—\/1—4a2ﬁ a af

23 T 1_aps T 1—ape ™

2Appendix A provides detailed derivations of the risk-adjusted optimal policy in this NK model.



The risk-adjusted optimal policy to which the central bank commits is

iy = (1 - )\iya) [(6 — 1)y + 11 (J)ers] | (7)

where p; is defined in (6). Therefore, the optimal policy is to stabilize the price level while

accounting for the risk of anticipated markup shocks.

2.1 Forward-looking and data-dependent optimal policy

An important advantage of the proposed framework is that policymakers’ beliefs about
the risks to the outlook evolve over time and are updated as incoming data is received.
Specifically, at the beginning of date ¢, policymakers has prior beliefs p;_1 = {p1;_1, par_1}
regarding the likelihood of the two scenarios. Later in the period, they observe V; and

update their beliefs about scenario j according to Bayes rule,
@ (Vilue(5), ) pje

Pt = ) y (8)
T e (Vilm(5), 02) piia

where ¢(+) is the normal pdf for the variables V; whose conditional mean is 1,(j) = 6o(j)
and the announced shock is normalized to 1. To provide some intuition, we assume that

the first scenario actually materializes. So, the updated probability for this scenario is

1
_ 00(1)—00(2)]2 |\’
1+ L1 feap { 00 >2U§o< ) })

(9)

Pt =

and py = 1 — py;. Equation (9) is useful particularly to identify the features that are key
for the updating of the beliefs.

Lemma 1 Suppose scenario 1 materializes and 0 < o¢ < oo. If 0o(1) = 00(2), then
pjt = Dji—1. Instead, if |0o(1) — 6o(2)|— oo, then p; — 1.

This lemma clarifies that policymakers update their beliefs whenever they expect different
impacts of the anticipated shocks across scenarios. If this is not the case, the updated
probabilities are unchanged relative to those held at the beginning of the period. Conversely,
for a well-defined volatility of the unobserved shocks, the more distinct the effect of the
anticipated shock between the two scenarios, the faster the policymakers uncover that the

first scenario is unfolding.



Lemma 2 Suppose scenario 1 materializes and |0y(1) — 6¢(2)|> 0. If o — oo, then
pjt — Djt—1- Instead, if o¢ — 0, then pyy — 1.

The lemma establishes that although the anticipated effect of the shock are different under
the two scenarios, the speed at which policymakers update their beliefs depends on whether
the signal taken from the incoming data is obfuscated by the unobserved shock &;. If the
noise is substantial, policymakers hardly update their beliefs. By contrast, if the signal
from the received data is not polluted by the unanticipated shock, then they quickly realize
that the economy is evolving according to the first scenario.

The lemmas transparently show an important feature of monetary policymaking in our
framework. The risk-adjusted optimal policy in (7) is both data dependent and forward-
looking. The information received over time helps policymakers to update their beliefs over
the risks to the outlook and the likely effects of the anticipated shocks on the economy.

Crucially, as the beliefs evolve, policymakers adjust the optimal policy accordingly.

2.2 Beliefs and preemptive optimal policy

The proposed risk-adjusted optimal policy embeds risk-management considerations that
are relevant for policymaking: policymakers can “take out insurance” in the face of salient
risks to the economic outlook. To provide this intuition, we consider an example in which
the economy described by the stylized NK model can follow two alternative paths. Under
the baseline, no shock hits the economy, that remains at its steady state. Under the
alternative scenario, a one-percent markup shock impacts the economy in period 1, and
both policymakers and the private sector perfectly anticipate it.*> This scenario illustrates
how the economy is expected to evolve when an inflation surge occurs and policy responds
optimally. Given these two alternative paths for the economy, we are interested in designing
the risk-adjusted optimal policy for some initial beliefs about their likelihood. In this
example, the risk of an inflation surge does not materialize in period 1, but policymakers
and the private sector are highly concerned about that possibility—that is, in period 0,
they assign a likelihood of 90 percent to the inflation-surge scenario and of 10 percent to
the baseline. To further simplify the intuition, noise shocks are basically absent in period
1. Therefore, when policymakers and the private sector observe that the inflationary shock
does not materialize, they are certain that the baseline is unfolding.

Figure 1 shows the optimal policies and associated macroeconomic outcomes in three

cases. When the baseline scenario occurs (solid blue line), the economy simply remains at

3Appendix A details the parameterization used for this example that is in line with Gali (2008).
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Figure 1: Optimal Policy and Risk of Inflation Surge
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Notes: The figure shows the optimal policies and associated macroeconomic outcomes in three cases: under
the baseline scenario (solid blue line), under an inflation-surge scenario in which a one-percent markup shock
is anticipated to hit the economy in period 1 (dashed red line), and under the risk of an inflation surge
(dash-dotted yellow line). In the latter case, the risk does not materialize.

its steady state as no shock affects the economy. Under the inflation-surge scenario (dashed
red line), the policymaker and the private sector fully anticipate in period 0 that the markup
shock will affect the economy in period 1. As a result, the optimal policy is accommodative
in period 0 to avoid a large drop in economic activity and restrictive thereafter to return the
price level to its steady-state level. Under the risk of an inflation surge (dash-dotted yellow
line), policymakers have an incentive to take out insurance in period 0 and lean against
the possibility of weaker economic activity resulting from the concern—also shared by the
private sector—that a markup shock may occur in the following period. However, in period
1, policymakers and the private sector know with certainty that the baseline scenario is
unfolding, as shown in the bottom-right panel of figure 1. Crucially, in that period, the
risk-adjusted optimal policy does not immediately coincide with the optimal policy under
the baseline because it needs to make up for the preemptive accommodation provided in
period 0. By being slightly restrictive over the subsequent few periods, the risk-adjusted

optimal policy returns the price level to target.



3 Risk-adjusted optimal policy in a general framework

3.1 Judgment and beliefs about risks to the outlook

We study optimal monetary policy under uncertainty, incorporating central-bank judg-
ment about likely future outcomes. Our approach is similar to Svensson and Williams
(2005) who incorporate central bank judgment to consider optimal policies around a base-
line projection. In Svensson and Williams (2005), the central bank does not take into
uncertainty about economic outcomes. In contrast, under our approach, a central bank
takes into account uncertainty and makes judgments about several likely paths that the
economy may follow. In addition, the central bank makes judgments about the likelihood of
these alternative projected paths and updates these beliefs over time in a Bayesian manner.

We add central bank judgment to a model whose private sector equilibrium conditions

are given by:
Aoy =AY 1 + A E[Ye |S4]) + As Xy + Ay E[ X1 | + A5 Vs (10)

where Y; is a N, x 1 vector of endogenous variables, X; = (4, 7,—1)" where 4, is the policy
rate, and w; is a central bank’s information set. The n, x 1 vector of exogenous shocks, V;,

is assumed to evolve according to:

K

Vi =&(J) + D 0u(Deri—n, (11)

k=0

Here, &(J) is n, x 1 vector of innovations that occurs at time ¢. These innovations are
unobserved by the central bank. Their distribution depends on J, a discrete random
variable that takes on N different values, corresponding to the N scenarios that a central
bank judges as likely. A central bank does not observe J but knows that it takes on values
from j € {1,2,...,N}. Conditional on J = j, the distribution of &(j) is given by:

§(7) ~ N (u(4), Ze)

where Y is a diagonal matrix. The n, x 1 random vector, £j;_k, in equation (11) is
composed of mean-zero random variables realized at the beginning of period ¢t — k£ that
affect the economy at date ¢, that is after k period. At date t, a central bank observes

ekt and uses it to form judgments about the projected paths of the economy, taking into



account that at date ¢ + &k the news ¢;; have an impact effect of 0(.J), where 0, (J) is a
n, X n, diagonal matrix of parameters. Because 0;(J) depends on J, a central bank does
not observe the impact effect of the news shocks that it receives; it can only judge their
likely impact.

A few remarks about these parameters are important. First, the variable J seeks to cap-
ture the potential risks that a central bank and the private sector could consider. However,
if a risk 7* is not deemed salient for the design of an optimal policy, the anticipated shocks
under this scenario are assumed to have no effect, that is 0(j*) = 0. Second, policymakers
and the private sector know that there exist N likely paths that the economy could follow
but do not observe the scenario J that materializes. Over time, they will update the be-
liefs about the likelihood of each scenario as incoming data becomes available. Third, the
shocks ey ¢+~ do not depend on the scenario and whenever they take a value different from
their zero mean, risk-management considerations are incorporated into the optimal policy
strategy. In our framework, we normalize the shocks to one and the effect of the anticipated

shocks under each scenario is captured by scaling the associated parameters accordingly.

3.1.1 Beliefs updating

It is convenient to collect the news shocks that a central bank observes at date ¢ into the
vector, €' = (g4, .., €x,). A central bank’s information set, €, includes ¢ and all of
its lags. It also includes V; and the model’s endogenous variables and all of their lags.
Because a central bank does not observe &(J), or 0i(J) for k = 0,1,..., K, it does not
know which scenario is unfolding in real time. Accordingly, a central bank’s must make a
judgment about the likelihood of the various scenarios. As the economy evolves over time,
a policymaker receives incoming data and updates its beliefs about the likely scenarios
using Bayes rule. Formally, at the beginning of date ¢, a policymaker has prior belief,
Pi—1 = (P1t-1, ..., Dne—1), regarding the likelihood of the N scenarios where p;;_1 = Prob(J =
Jl1€_1). Later in the period after observing V;, a central bank updates their beliefs about

scenario j according to:
© (Vilpe(j), Xe) pje (1)

Z;'V:I © (Velpe(5), Ye) Pjt—1 ,

where ¢(-) is the normal pdf for a vector of random variables and () is given by:

it =

EWViQu, J = j] = (i) = n() + Y 0k(G)er - (13)
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Equation (12) governs how a central bank updates its priors about the scenarios in response

to incoming data.

3.1.2 Policymakers’ views about risks in a recursive form

A central bank uses these probabilities to form expectations about future shocks. To
keep the notation compact, let us define the weighted average of the effect of a news
shock implemented k periods after its announcement by ék,t = Zjvz 1 PitOk(j). As shown in
Appendix B, the central bank’s expectation of the shocks at any future period ¢t + s with
1 < s < K is then given by:

K
E[‘/t—l—s|Qt] - ‘gs,t Est + E[W+S|Qt—1] + Z Aek,t Ekt+s—ks (14>
k=s+1

where Aék,t = (ékt — ém,l) captures the evolution of the central bank’s beliefs about the

impact of the news shocks. In a similar vein, the shocks V; in (11) can be written as

Vi =&(J) +

0020, + BIVIQu] + 3 (0u(T) = i ) ek,tk] . (15)

1

It is convenient to write the expected future process for V; in companion form, defining

the vectors:

_ / / /A / L / . RPVARRY
St = (Vt ) Et‘/;tJrl? "'7Et t+K3 €1t EKt—K41: €240 - EK - K425 - - - 7€K,t) )

where for convenience we have defined E; = E[-|%]. Note that the shocks in S; are
grouped depending on the time when the shocks are implemented. For example, the vec-
tor (€14, --,E%+ x41) collects the shocks implemented at time ¢ + 1 that have been an-
nounced at time t or earlier. So, this vector collects Kn, shocks. The subsequent vector
(€54 -+ €k K 1o) Tepresents shocks implemented at time ¢+2 announced at time ¢ or ear-
lier. Note however that this vector collects only (K — 1)n, rather than Kn, as the previous
vector. Following the same logic, the last vector €}, collects the only n, shocks that can
be implemented at ¢t + K. So, in total, there are ng = [K (K + 1)/2]n, shocks in the vector
S;. In addition, the vector S; collects V; and its expectations, totaling ny = (K + 1)n,

11



variables. With these vectors defined, we can express S; and E[S;y1]€%] as:

Sy = Ge(p)e' + Gs(pt,pe—1; J)Si—1 + Ge&y (16)
E[S11|Q) = GsS; + GeGulpy), (17)

where G, (p;) = Zjvzl p;eiu(j) and details about the matrices in (16) and (17) are provided
in Appendix B. Note that the policymaker does not observe & or the matrix Gs(py, pi—1; J),
which depends on J. Instead, the policymaker observes G.(p;)e' and the sum, Gs(ps, pr_1; J)Si_1+

G¢&;, given their imperfect information.

3.2 Risk-adjusted optimal policy under commitment

We start by deriving the solution for optimal policy under commitment in linear ratio-
nal expectations models. We modify the optimal monetary solution in Dennis (2007) to
incorporate interest rate smoothing and show how the solution for optimal policy under
commitment changes as a result. The details of the derivations are in Appendix C.

Given that the companion form for V; is expressed in (16) in terms of Sy, we rewrite the

linear rational expectations model in (10) that describes the structure of the economy as
AYs = AtYoo1 + AsEYe + As Xy + AtE X + AsSh. (18)

We then represent optimal policy under commitment as a policymaker’s problem at date

0 to minimize the quadratic loss function:

{}/t 7it}§o:0

min, £0 Y5 {5 VWY Xl (19
t =0

subject to the structure of the economy in (18). The first order conditions with respect to
Y, are given by:
WY, + Agh — B AN -1 — BATE N1 = 0, (20)

where \; denotes the vector of lagrange multipliers on the model’s N, private-sector equilib-
rium conditions. We solve the model using the “timeless perspective” and impose A_; = 0.
As a result, these conditions are consistent with optimality at ¢ > 0. With interest rate

smoothing in the loss function, the matrix, @), satisfies:

1 -1
Q = p; [_1 1]

12



where p; determines the weight on the change in the policy rate in the loss function. The

first order condition with respect to the policy rate is given by
pilic — ir—1) — Bpi(Eyirrr — i) — Az g M — BA3 5 Edir = 0. (21)

where Aj.; denotes the ith column of the matrix As. Here we have assumed that A4 .o = 0,
which holds without loss of generality, since A4 o is redundant with As ;.
With these first order conditions in hand, we can write the model’s equilibrium conditions
as:
CZ=BZ 1+ FEZ, 1+ DS, (22)

where Z; = (Y;,4:, \¢)" and the C, B, and F' matrices function of the structural parameters
of the model. These equilibrium conditions form the basis for solving the model when
optimal policy embeds risk-management considerations.

Finally, equations (22), (16) and (17) are the equilibrium conditions defining the model.

Using the method of undetermined coefficients, the solution takes the form:

Zt = Tthl + RSt + RO(pt); (23)
Sy = Ge(pt)gt + Gs(pr, pr—1; J)Si—1 + Ge&, (24)

where the matrices T, R, Ry(p;) are defined in Appendix C.

4 Optimal policy and risks to a soft landing

By the end of 2024, inflation had made progress towards the FOMC’s inflation objective,
and economic activity had continued to expand at a solid pace, possibly suggesting that
the U.S. economy may experience a soft landing. However, this possibility did not come
without risks to the economic outlook. For instance, the minutes of the December 2024
FOMC meeting provide a characterization of the risks that the U.S. economy faced in that
period. In particular, the risks to the attainment of the Committee’s dual-mandate objec-
tives of maximum employment and price stability were judged to be roughly in balance.
Inflation risks were tilted to the upside. Inflation had remained somewhat elevated, and
some readings on inflation came in stronger than expected. Conversely, the risks to the
labor market were tilted to the downside. Labor market conditions had generally eased
since earlier in the year and could weakened unexpectedly.

Against this backdrop, we apply our approach to design optimal policy strategies that

13



embed risk-management considerations around the possibility of a soft landing for the U.S.
economy.? To this end, three key elements are necessary to apply our methodology. First, a
baseline outlook that we choose to be consistent with the median responses to the December
2024 SEP. Second, alternative scenarios capturing the risk of either an inflation surge or a
recession. Finally, given the tractability of our approach, we implement our methodology
to the linearized FRB/US model.

One of the benefits of using the FRB/US model, as described in Brayton and Reifschnei-
der (2022), is the availability of modeling expectations of agents in different sectors of the
economy in two ways: model consistent (or “rational”) expectations and VAR-based ex-
pectations. Under VAR-based expectations, the expectation formation of households and
firms is backward-looking and does not take into account the uncertainty regarding alter-
native future trajectories of the economy. Importantly, this assumption helps simplify the
analysis on a number of dimensions. First, policymakers’ ability to influence private-sector
expectations through future commitments is not possible, and the distinction between risk-
adjusted optimal policy under commitment and discretion is eliminated. Second, the use
of VAR-based expectations helps isolate the role of risk-management considerations for
optimal policy, because households and firms do not take into account the uncertain fu-
ture trajectories of the economy in their own spending and pricing decisions. While it
is straightforward to extend the methodology to the case in which the private sector has
rational expectations and takes into account uncertainty, like the policymakers, we leave to
future work the study of optimal policy under uncertainty when the policymaker has the
ability to influence private-sector expectations formation and when the risk-management

considerations of policymakers interact with those of households and firms.”

4All optimal control simulations shown in this section posit that policymakers choose a path for the
federal funds rate to minimize a discounted equally-weighted sum of squared inflation gaps (measured as
the difference between four-quarter headline PCE price inflation and the Committee’s 2 percent objective),
squared unemployment gaps (measured as the difference between the unemployment rate and the median
December 2024 SEP longer-run level of the unemployment rate), and squared changes in the federal funds
rate.

°In this regard, it is possible to consider versions of the FRB/US model with model-consistent expec-
tations. In these versions of the model, financial market participants and/or wage and price setters could
be interpreted as having model consistent expectations but incomplete knowledge of the distribution of
shocks like the policymakers. They would update their beliefs in a Bayesian manner as well and the setting
of optimal policy under uncertainty would take into account the updating of their beliefs and the effect it
has on the economy.
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4.1 Inflation surge

In our first example, policymakers in the model judge the economy will likely evolve
following two potential paths. One is the baseline outlook path that is consistent with the
median responses to the December 2024 SEP under optimal policy. The alternative path
seeks to capture an upside risk to an inflation, consistent with, for example, the description
in the minutes of the December 2024 FOMC meeting. In particular, the “Inflation Surge”
scenario provides a quantitative (but illustrative) judgment about what an inflation surge,
if it were to occur, would likely entail. In the FRB/US model, this judgment is implemented
via an anticipated path of adverse shocks to the main price equation, that act as a cost
push shock, and generate an increase in inflation and in the unemployment rate. At the
beginning of the simulation, policymakers view this path as the most likely sequence of
shocks to occur in the future conditional on there being an inflation surge. In addition,
policymakers initially assign some probability to shocks emanating from the distribution
underlying the Inflation Surge scenario. In this example, we separately consider the cases
in which either the baseline or the inflation surge materialize. In each case, policymakers
update their beliefs about the outlook using Bayes’ rule and in line with the data they
observe.

Baseline is realized. We start by focusing on the case in which the baseline outlook
materializes—that is, the inflationary shocks do not occur. However, in the first quarter of
2025, policymakers do not anticipate that path, as their initial beliefs are set so that they
view the alternative scenario as very likely. In the simulation, for illustrative purposes,
we assume that policymakers assign a 90 percent probability to shocks that emanate from
the distribution underlying the Inflation Surge scenario. When policymakers observe that
no shock has been realized in the first quarter of 2025, they downweight the likelihood
of the distribution of shocks underlying the alternative scenario; however, given that the
noise shocks (&) obfuscate their learning process, they cannot rule it out completely. The
calibration of the volatility of these shocks determines the ability of the policymakers to
distinguish between the two distributions of shocks underlying the scenarios. The values
of the diagonal matrix, X, are chosen to ensure gradual learning in this exercise given the
initial probability.

Figure 2 shows the optimal policy-rate prescriptions, beliefs, and macroeconomic out-
comes (inflation and the unemployment rate) for three sets of simulations. The solid blue

lines represent the optimal policy and its associated outcomes under the December 2024
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Figure 2: Optimal Policy under Risk of Inflation Surge
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Note: The optimal control simulations are conducted with equal weights in the loss function on squared
inflation gaps, squared unemployment rate gaps, and squared changes in the federal funds rate.

SEP-consistent baseline assuming perfect foresight. As shown in the top-right panel, the
beliefs that the inflationary scenario is unfolding are always zero because the policymakers
correctly anticipate that the inflationary shocks will not occur. Overall, optimal policy
under the SEP-consistent baseline prescribes a gradual decrease in the federal funds rate
as the benign outlook does not project large deviations of inflation from 2 percent nor of
the unemployment rate from its longer-run value.

The dashed red lines in Figure 2 illustrate the optimal policy and its associated outcomes
when policymakers have perfect foresight and know that the inflationary scenario will in
fact occur (i.e., policymakers’ belief in the inflation-surge scenario are equal to 1). In this
case, the policy rate rises to contain the rapid and persistent increase in inflation, and as
result, the unemployment rate nearly reaches 5 percent. However, as inflation returns to
target and the unemployment rate to its longer-run level, the policy rate declines gradually.

Figure 2 also illustrates the risk-adjusted optimal policy and outcomes (dash-dotted yel-
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low lines) when policymakers initially believe with high probability that the inflation surge
will occur but learn over time that the scenario’s shocks do not occur. With a high prob-
ability attached to the possibility of inflationary shocks, the federal funds rate under risk-
adjusted optimal control initially increases. However, as the expected adverse shocks do
not occur, data on resource utilization and inflation come in lower than anticipated, and
policymakers assign over time a smaller likelihood to the possibility that future shocks will
be inflationary. As a result, the pace at which policy eases accelerates. With unemploy-
ment higher and inflation lower than if policy had not accounted for the risk of an inflation
surge, the policy rate is subsequently repositioned to a level below what it would have been
under the baseline projection. Unemployment and inflation then gradually return to the
baseline optimal control paths.

Of note, the results in Figure 2 clearly show that policy-rate prescriptions and macroe-
conomic outcomes of the risk-adjusted optimal policy are not simply a weighted-average of
the perfect foresight scenarios, where the weights reflect policymakers’ beliefs shown in the
top-right panel. For example, as the policymakers realize that their concern of an inflation
surge is not materializing, the policy rate path under the risk-adjusted optimal policy falls
below that path under both the baseline or alternative scenarios.

Inflation Surge scenario is realized. In Figure 2, policymakers’ initial strong beliefs
about the likelihood of the alternative scenario were inconsistent with the realization of the
disturbances (which were themselves consistent with the baseline projection.) Borrowing
from statistical decision theory, we characterize this as a “Type I” error; that is, the error
made rejecting a null hypothesis when it is in fact true. In this analogy, the baseline
projection is taken to be the null hypothesis and the projection underlying an alternative
scenario as the alternative one. In this framework, a “Type II” error is one made when
failing to reject a null hypothesis that is in fact false.

Figure 3 displays a set of simulations exploring this possibility in the context of the
Inflation Surge scenario. The blue and red lines remain identical to Figure 2. The risk-
adjusted optimal policy and related outcomes shown in the dash-dotted yellow lines differ
from Figure 3 in two keys ways. First, the inflation surge embedded in the alternative
scenario actually occurs. Second, policymakers initially assign a probability of 10 percent
to the alternative scenario, implying that their beliefs heavily favor the baseline projection.
In this case, policymakers misplace their initial confidence that the baseline projection
will materialize and do not respond as aggressively as if they had perfect foresight to the

inflation surge. However, as they slowly learn over time that future inflationary shocks are

17



Figure 3: Optimal Policy under Unexpected Inflation Surge
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Note: The optimal control simulations are conducted with equal weights in the loss function on squared
inflation gaps, squared unemployment rate gaps, and squared changes in the federal funds rate.

likely, they then decrease the policy rate more gradually than prescribed by optimal policy
under the inflationary scenario because inflation remains persistently higher.

Like in statistical decision theory, in setting risk-adjusted appropriate monetary policy,
both Type I and Type II errors are relevant. Carefully assessing risks to the economic
outlook and updating beliefs about their likelihood in response to incoming data are key

features of risk-adjusted optimal policy.

4.2 Recession

Our second example illustrates the downside risk to the labor market described in the
minutes of the December 2024 FOMC meeting. As in the previous example, the economy
is expected to follow two possible paths. The baseline outlook is consistent with the De-

cember 2024 SEP and therefore unchanged relative to the previous example. However, the
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Figure 4: Optimal Policy under Risk of Recession
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Note: The optimal control simulations are conducted with equal weights in the loss function on squared
inflation gaps, squared unemployment rate gaps, and squared changes in the federal funds rate.

alternative path is a recession driven by anticipated adverse shocks to households’ con-
sumption. Policymakers view the “Recession” scenario as the most likely evolution of the
economy if the recession unfolds. Facing the risk of a recession, policymakers initially assess
the likelihood of the two paths for the economy and update their beliefs over time as the
economy evolves. We consider the case in which the recession does not occur, but policy-
makers initially see that possibility as very likely, assigning a probability of 90 percent to
the recession scenario.

Figure 4 shows the optimal policy, beliefs, and macroeconomic outcomes for three cases.
The baseline (solid blue line) is the same as in figure 2. When the recession occurs—and
policymakers know it with certainty—the federal funds rate under the Recession scenario
(dashed red line) declines rapidly in response to weak resource utilization. The swift policy
response avoids a much deeper recession and boosts the private sector’s inflation expecta-

tions. As a result, inflation is slightly above target notwithstanding high unemployment.
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Figure 5: Beliefs about the Risks
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When policymakers consider the elevated risk of a recession (dash-dotted yellow line),
the optimal policy initially calls for policy-rate cuts, implying an overshooting of resource
utilization and inflation. However, as policymakers learn that the recessionary shocks are
not materializing, they revise their beliefs accordingly and reverse their policy actions by

hiking the policy rate to bring the unemployment rate and inflation back to target.

4.3 Risks to the soft landing

This section answers a key question for policymaking: What are the implications for
optimal monetary policy of embedding considerations about risks to the so-called “soft
landing”” As described in the minutes to the December 2024 FOMC minutes, the U.S.
economy faced upside risks to inflation and downside risks to the labor market, that were
judged to be roughly in balance. To capture these risks, we use the Inflation Surge scenario
discussed in section 4.1 and the Recession scenario described in section 4.2.

Differently from the previous examples, the central feature of this exercise is that the
policymakers in the model now account for two-sided risks—that is, the risk of both an
inflation surge and a recession—when choosing the optimal policy-rate path. We consider
three cases that differ in terms of the initial beliefs assigned to each of the risks. As
Figure 5 shows, all cases share the SEP-consistent baseline as the modal outlook with an
initial 50 percent probability assign to it. The “inflation surge attentive” case characterizes
a situation where policymakers assign more probability to the inflation-surge risk than
to the recession risk. Conversely, the “recession attentive” case characterizes a situation

where policymakers assign more probability to the recession risk than to the inflation-surge
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Figure 6: Optimal Policy under Two-Sided Risks
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risk. Finally, the “balanced" case is consistent with policymakers assigning equal initial
probabilities of 25 percent to each alternative scenario.

Figure 6 shows that by varying the initial weights on each of the three paths for the
economy (baseline, Inflation Surge, and Recession), we generate a range of risk-adjusted
optimal policy trajectories assuming the baseline projection in fact materializes. With
a balanced prior on the three possible outcomes, the optimal policy rate path, depicted
by the yellow dash-dotted lines, follows closely the one associated with perfect foresight
of the baseline outlook (solid blue lines). That is, there is only a small risk-adjustment
for optimal policy when weighing equally both the possibility of an Inflation Surge and
Recession. As a result, macroeconomic outcomes are similar as those achieved under the
baseline outlook. When policymakers are relatively more worried about an inflation surge
(red dashed lines), policy will evolve more in line with the analysis based on the risk of
high inflation only—shown in Figure 2. In particular, the risk-adjusted optimal control
path for the federal funds rate initially increases. As the expected adverse shocks are not
realized, the tighter policy stance results in lower inflation and higher unemployment rate.
Over time, policymakers assign a greater likelihood that the baseline outlook materializes
and ease policy accordingly. On the other hand, when policymakers are relatively more
worried about the recession risk (purple dotted lines), policy will evolve more in line with
the analysis based on the risk of a recession only—shown in Figure 4. As a result, the risk-
adjusted optimal control path for the federal funds rate initially declines. As the expected
adverse shocks are not realized, the looser policy stance results in higher inflation and lower
unemployment rate. As policymakers assign over time a greater likelihood that the baseline

outlook materializes, they keep the policy rate higher for longer to gradually return the
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economy to its longer-run equilibrium.

5 Conclusion

This paper presents an approach to embed risk-management considerations into the opti-
mal design of monetary policy strategies when characterizing uncertainty around a baseline
outlook using a finite set of alternative scenarios. The approach highlights the way that
the assessment of the balance of risks can shape the construction of optimal policy. The
methodology is tractable and can be applied to both academic style models and larger
workhorse models used by central banks.

While this paper considers that uncertainty only arises from anticipated disturbances,
our methodology can be extended in different dimensions. In particular, those anticipated
shocks could be characterized by asymmetric distributions or could be non-additive. In
addition, the methodology could be adjusted to allow the analysis of broader sources of
uncertainty such as those coming from uncertainty about structural parameters of the
model economy or uncertainty coming from different models. For instance, Svensson and
Williams (2008) discuss how a methodology similar to ours can be applied to model many
different types of uncertainties. As a result, we view this paper as an important first step
forward in incorporating risks as captured by alternative scenarios into the optimal design

of monetary policy strategies.
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A Risk-adjusted optimal policy in a simple NK model

The policymaker seeks to minimize expected losses

1 [o.¢]
£, {5 >4+ Ayy3>} , (25)
subject to the Phillips curve and the IS curve

T = PE(ma) + ke + Vi (26)
vy = E(ye) — o i — Ei(mign)), (27)

where Vi = &+ 00(J)eos +01(J)e14—1. The FOCs resulting from the minimization problem

subject to the Phillips curve are

AMyye — ke = 0, (28)
T+%—Y%1 = 0, (29)

where 7; is the Lagrangian multiplier associated with the Phillips curve and v_; = 0.

Combining the FOCs, the tradeoff between inflation and changes in the output gap is

K
Yt = Y1 — Tt (30)

Ay
Defining p; = p; — p—1 as the inflation rate relative to the (log) price level prevailing one
period before the central bank chooses the optimal plan, then 7, = p; — p;—1 and from

equation (30), it becomes evident the tradeoff between output gap and price level
= ——1D. 31
Yt b\ Pt (31)

Plugging (31) in the Phillips curve (26), the following equation represents the dynamics of
the price level

Dt = api—1 + afE (D) + aV4, (32)

where a = N\, /[M\,(1 + B8) + £?]. To solve (32), we need to guess a solution and use the
method of undetermined coefficients. Crucially, in our framework, policymakers have beliefs

Pt = {p1, p2r} over the two possible scenarios. So, an educated guess for the solution



also accounts for the expectations of future anticipated shocks F;(Vi11) = 51,t51,t, where
gl,t = Z?:l p;tbh (7) is the average of the effect of the shock under the two scenarios weighted
by the policymakers’ beliefs. So, we guess that the solution takes the form

]/Q\t = 5@,1 + 7”0‘/75 + 7”191’1/81715. (33>

The method of undetermined coefficients ensures that the postulated solution holds if

6:1—\/1—4a25 a af

2a3 7 o= 1—aBd’ e 1—aﬂ5r0'

To derive the Taylor-type rule that implements the risk-adjusted optimal policy, the IS

curve in (27) can be written as
it = 0 [Ey(yer1) — ye] + Ei(mesn). (34)

From (31), then Ey(yi11) — yr = —K/A\yEi(me41), and

, K
1t = <]_ — /\—O'> Et<7Tt+1>. (35)
Y
Recalling the solution for p; in (33), the risk-adjusted optimal policy to which the central

bank commits is

i\ = (1 - /\iya) [(6 — 1)P; + 1001 (J)ev] . (36)

For the simulations shown in figure 1, we use a canonical parameterization of the simple
NK model that is in line with Gali (2008). We set 5 = 0.99, 0 = 1, k = 0.17 (consistent with
a fraction § = 2/3 of firms keeping their price unchanged in each period), the elasticity
of substitution among goods € to 6 and the weight on output-gap deviations A, in the

policymakers’ loss function to x/e.



B Judgment about alternative scenarios: Derivations

Recall from Subsection 3.1 that the central bank’s expectation of the shocks at any future
period t 4+ s with 1 < s < K is given by:

K
E[%+5]Qt] = Zek,t Ekt+s—k

k=s

K
= Os1651+ E Okt €k ttrs—k
k=s+1

K
= Oopar + EVigo Qa] + D Abpy ppacs, (37)

k=s+1

where ék,t = Z;VZI p;t0k(j) is the weighted average of the effect of a news shock implemented
k periods after its announcement and Aék,t = (ékt - ék,t_1> captures the evolution of the
central bank’s beliefs about the impact of the news shocks. In a similar vein, the shocks V,

can be written as

K
Vi = &)+ ) 0k(T)enis (38)
k=0
(39)
K ~
= ft(J) + ‘90(<])€07t + E[V”Qt_l] + Z (Qk((]) — ‘gk,t—1> 5k,t—k] . (40)
k=1
Defining the vector
Sf = (VZ? Et‘/tl—i-lv Tty Etvt/—i-K; 5/1,t7 ce 75/1{,t—K+1; 5/2,157 e 7€/K,t—K+2; s ;5/1(71&),7
it is convenient to write the expected future process for V; in companion form
Sy = G(p)e' + Gs(pe, pe—1; J)Si—1 + Ge&y (41)
E[Si11]Q] = GsS; + GG (py), (42)



where G, (p;) = Zjvzl pitir(g). The matrix G.(p;) takes the following form

HO(J) Onv Onv
G ~ .
Gs ny >‘</va G\/g _ Onv 91,t
(ny+ng)xny Gee ny Xny : 0
ngXny - Ny
| Onu Onv GK,t
[0 Gl 0 0 |
KnqyXny KnqyXng KnqyXny
0 0 G2 Tn,
Gee = (K=1D)nyxny,  (K—=1)nyxney , GI;E = 0 , k= {1,
ngXny . 0 (K—k)nyXny
2Ny X Ny
On'u Onv On'u GEIZ i
In addition, the matrix Gs(p;, pi—1; J) that establishes the relationship between S; and its
lag St—l is
G G2 0 Tk,
GS’ _ |nvXny  nyxng , Gll — KnyXny 7
(TLv-‘rTLE)X(TLv—l-TLE) 0 G22 ny Xny Onv 0
NEXNY  npXng Ny X KNy
[ (61() = 614-1) (0x (J) — O 41) 0 (U
Ny X (K—=1)ny
Af Af
Ny X(}(nv 2t Kt
G2 = 0 0,
ny Xng Ny X (K—1)ny
: Algcy
0 0 05,
L Ny X Kny TL’UX(K*l)TLU
[0 G3 0 ]
Ko 22 Knqyx(K—2)n, Kny X1,
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NEXNg 3Ny Xny
02?’L1) Gg_l
0 0 0 0,,
Lo X KNy ny X (K—1)ny Ny X 21y i
0
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!/
Finally, the matrices in (42) are G¢ = (Im,, o’ ) and Gs = [rvxnv mVIRE
Lz X(Knv+nE) (nv+nE)><(nV+nE) 0 G22
NEXNYV  npXng

C Risk-adjusted optimal policy under commitment

We modify the optimal monetary solution in Dennis (2007) to incorporate interest rate
smoothing and show how the solution for optimal policy under commitment changes as a
result. We represent optimal policy under commitment as a policymaker’s problem at date

0 as:

- 1
L= min Ep Z gt {5 [YiWY, + X{QXe] + A [AoY; — A1Yi —
t=0

{Yt 7Z't }{’io

(43)
A2Y2+1 — Az Xy — A4Xt+1 - Vt]}
where Y} is a N, x 1 vector of endogenous variables, X; = (i, 4,_1)" where i, is the policy rate.

The vector, \;, denotes the vector of lagrange multipliers on the model’s IV, private-sector

equilibrium conditions:

A)Y, =AY,y + ABY i + AsX, + AyE Xy + AsS, (44)
where
K
Vi=&+ Y 0k(J)era—n (45)
k=0

is described in detail in Section 3.1. The rational expectations error v; satisfies:

v = A5V — Aoy — Aaplia (46)
Nep1 = Y1 — B Y
piv1 = X — B X

The first order conditions with respect to Y; are given by:
W}/; + Aa)\t - ﬁilA/Z)\tfl - ﬁAllEt)\tJrl - O (47)

We solve the model using the “timeless perspective” and impose A_; = 0. As a result, these

conditions are consistent with optimality at ¢ > 0. With interest rate smoothing in the loss



function, the matrix, @), satisfies:

where p; determines the weight on the change in the policy rate in the loss function. The

first order condition with respect to the policy rate is given by:
pi(it - it—l) - 5Pi(Etit+1 - it) - A§7.1)\t - BAQ,.QEt)\tH =0 (48)

where A; .; denotes the ith column of the matrix As. Here we have assumed that A, .o =0,
which holds without loss of generality, since A4 .o is redundant with As ;.
With these first order conditions in hand, we can write the model’s equilibrium conditions

as:
CZt - BZt,1 + FEtZt+1 —|— DSt (49)

where Z; = (Yy, 4, A¢)" and the C', B, and F' matrices are given by:

Ay —Agq 0 A Ags 0
C=10 p(1+8) —A5.], B=10 p 0
w0 A 0 0 B4,
Ay Asq 0 As
F=10 Bp BA3,|, D=10
0 0 BA] 0

These equilibrium conditions form the basis for solving the model when optimal policy
embeds risk-management considerations.
Equations (49), (41) and (42) are the equilibrium conditions used to solve the model.

Using the method of undetermined coefficients, the solution takes the form:

Zt = TZt_l + RSt + Ro(pt) (50)
Sy = Ge(p)e' + Gs(pry pr1; J)Si—1 + Ge&y (51)



The matrices T', R and Ry(p;) can be computed as:

T=(C-FT)'B
R:(C—FTY1FR55+D]
Ro(p:) = (C = FT)™'F [RG¢Gu(pr) + Ro(py)] -

Equivalently,

FT?—-CT+B=0

-1

vec(R) = | (Znyiny @ (C — FT)) — (G @ F)|  vec(D)
Ro(p) = (C = FT — F)™' [FRG¢G,.(p1)] -
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